This paper is concerned with nonnegative solutions of the reaction-diffusion system:
Introduction
In this paper, we study (initial and final) blow-up rates, as well as universal bounds for global solutions, for a class of semilinear reaction-diffusion systems, in connection with Liouville-type theorems. Our study is motivated by [] , where Poláčik et al. developed a general method for obtaining universal initial and final blow-up rates for the scalar equation u t -u = u p (p > ), based on rescaling arguments and Liouville-type theorems, combined with a key doubling property. In this context, the Liouville-type theorem means the nonexistence of nontrivial, nonnegative and bounded solutions defined for all negative and positive times on the whole space R n , or on a half-space R n + = {x ∈ R n ; x  > }.
We here consider the system:
where p, q, r, s >  and μ  , μ  ≥ . We use the following notation for the scaling exponents:
Let us recall that, even in the scalar case, the optimal exponent for the Liouville-type property is not presently known (see the monograph [] and the recent work [] ). In the case of systems, as far as we know, the only nonexistence result in R n + = {x ∈ R n ; x  > } is a consequence of the Fujita-type theorem in [] , Theorem , p.. The latter asserts the stronger property of nonexistence in R + × R n (instead of R × R n ) for the Cauchy prob-
where u  , v  are nonnegative, continuous, and bounded functions, under the assumption max(α, β) ≥ n/ with α, β are given by (). As a consequence, Cui [] proved a Fujita-type theorem for the Cauchy problem associated with the system () for μ  = μ  = , assuming that at least one of the following five conditions (i)-(v) is satisfied: There are also Fujita-type results for half-spaces (see [] ). However, their optimal exponents are always smaller than the corresponding exponents in the whole space, leading to more stringent conditions in the applications (to blow-up estimates). On the contrary, for Liouville-type results with scalar equations, it was shown in [] that nonexistence in a half-space can be derived as a consequence of nonexistence in the whole space, without requiring stronger restrictions on the exponents (and actually the restriction becomes even weaker). This was done by adapting a monotonicity argument, based on moving planes, introduced by Dancer [] for elliptic equations. One of our main concerns here is to extend the result from [] to system (). Namely, we establish the following theorem.
Theorem . Let p, q, r, s > , p ≤ q, and μ  , μ  ≥  be such that at least one of the following five conditions (a)-(e) is satisfied:
where β is given by (). (Note that β < (n -)/ implies p, q > /(n -).) Then the system
has no nontrivial, nonnegative, bounded, and classical solution.
By applying the method of [] , as an application of Theorem . and of the result of [], we then obtain the following universal initial and final blow-up rates for system (), as well as universal bound for global solutions.
and one of the following five conditions is satisfied: 
we have
Remark . Theorem . improves on previously known results (see [-]) in three directions:
(i) the constant C is independent of (u, v); (ii) can be an any (smooth) domain; (iii) no monotonicity conditions are assumed either in space or in time.
The rest of the paper is organized as follows. In Section , we prove Theorem .. Next, we prove Theorem ., in Section . 
(b) If there exists a positive, bounded, and classical solution of (), then there exists a positive, bounded, and classical solution of
Let (u, v) be a positive, bounded, and classical solution of (). For each λ, (V λ u, V λ v) satisfies the following system:
where
We claim that
With () at hand, by the maximum principle [], Proposition ., p. and (), we obtain
Therefore, since
we obtain
Similarly, we prove that
To complete the proof of Part (a), it is therefore sufficient to prove the claim (). We recall first the following lemma of Dancer [] .
Lemma . Given any positive constants l, λ satisfying
We split the rest of the proof in two steps.
Step . Proof of () for small λ. Let h be given by Lemma .. Since h is a positive and smooth function on T λ such that h(x) → ∞, as |x| → ∞, there exists ε >  such that h ≥ ε. Fix a positive constant γ and set
which is finite, by the boundedness of (u, v) . Define the function
where h is given by Lemma . for λ >  sufficiently small (so that λ  l < π  ). With () at
hand, a simple computation shows that
Moreover, () implies that
For M >  to be fixed later, we put
Using (), we have
and
By the last two properties in (), we have
Multiplying () with W + , integrating by parts and using
for some constants C, K > . Arguing similarly on Z + and adding up, we obtain
We now set A := ε - max( u ∞ , v ∞ ), where ε = inf T λ h > , and, for any given t  ∈ R, we choose
Then W + (t  , ·) ≡ Z + (t  , ·) ≡  and it follows from () that W , Z ≤  in (t  , ∞) × T λ . Consequently, for all t  , t ∈ R with t  < t, we have
Letting t  → -∞, we obtain V λ u ≥  everywhere, and similarly V λ v ≥ . We conclude that () holds for λ small.
Step . Proof of () for large λ (hence for all λ). Let
Step , it follows that λ  > . We assume by contradiction that λ  < ∞. Then there exists a sequence λ k ≥ λ  such that λ k → λ  and the set
is nonempty. Set
We may assume that either: (i) m k ≥ ε  for some ε  >  (by passing to a subsequence if necessary); (ii) m k → . If case (i) holds, there exist some sequences
By passing to a subsequence, we may assume that x k  → a and y k  → b for some a, b ∈ [, λ  ]. Next, we consider the functions
For all k, (u k , v k ) is a positive, bounded, and classical solution of () satisfying
Moreover, by definition of λ  it follows that
Since u k and v k are uniformly bounded and by using parabolic estimates, it follows that some subsequence
to a nonnegative and bounded solution (u, v) of (). The above properties of (u k , v k ) imply that
Next we claim that u and v are positive everywhere in R × T λ  . Indeed, assume for contradiction that u(t  , x  ) or v(t  , x  ) vanishes for some t  ∈ R and x  ∈ T λ  . Due to the coupled structure of the system, by the strong maximum principle, it follows that u ≡ v ≡  in (-∞, t  ] × T λ  , hence t  < . But then, using the boundedness of u and v and the maximum principle again, we deduce u
In particular we necessarily have a = λ  . Moreover, by the Hopf maximum principle, it follows that 
Similarly, we obtain
Therefore the assumption (i) leads to a contradiction. Now consider case (ii). We go back to the problem () with λ = λ k and k sufficiently large. By assumption,
. . , , and m k imply that, for
where γ is any small positive constant. Set λ = λ k , apply Lemma . and let h be the resulting function. As above, the function (
it follows that inequality () (resp., ()) is satisfied on the set
Then the argument at the end of Step , after equation (), still applies and yields V λ k u, V λ k v ≥ , contradicting the nonemptiness of F k . Therefore the two possibilities (i) and (ii) lead to a contradiction. Thus, λ  = ∞. This completes the proof of the claim, hence the proof of Part (a). Part (b). Let (u, v) be a positive, bounded, and classical solution of (). For k = , , . . . , we consider the functions
is a positive, bounded, and classical solution of (), then for all k, (u k , v k ) is a positive, bounded, and classical solution (on its domains) of the following system:
Moreover, (u, v) is a classical solution of
Since u k , v k are increasing in x  (by Part (a)), then
with x  + k  > . Therefore, by passing to limits, we obtain u(t,
Similarly, we obtain v > . Therefore also by Part (a), u, v are increas-
which means that u is independent of x  . Similarly, we prove that v is independent of x  . This completes the proof of Theorem .. We are now in position to prove Theorem .. 
Proof of Theorem
We now turn to the proof of Theorem ..
Proof of Theorem . We assume by contradiction that the theorem fails. Then there exist sequences
We will use Lemma . with X = R n+ equipped with the parabolic distance d P , defined by
Indeed, let (t, x) ∈ k , we have
As mentioned above by Lemma . with X = R n+ equipped with the parabolic distance d P and (), it follows that there exist x k ∈ , t k ∈ (, T k ) such that
In the rest of the proof, we use the notation
By (), we obtain
Moreover, we observe that
Indeed, we have ( ∩ {|x -x k | < kλ k  }) ⊂ . Also by (), we obtain
hence t ∈ (, T k ). Finally,
Therefore, (t, x) ⊂ B k . Now, we rescale the functions u k , v k by setting 
